A systematic study of a wide class of nonrelativistic models of bb quarkonia is described. It is found that the potential V (r) = 0.706380( √ r − 0.460442 r ) + 8.81715 (all in GeV) with the b-quark mass m b = 4.80303 GeV gives a satisfactory description of the experimental data below the threshold for strong decays (χ 2 /DF = 6.5/7). Limitations and implications of this observation are discussed.
Dozens of nonrelativistic and relativistically improved models of bb quarkonia have been published. Many references can be found in the recent review [1] . A fully relativistic treatment is beyond our reach, even for the much simpler e + e − system, but the folklore is that good results can be obtained with a nonrelativistic potential, if the hamiltonian is interpreted as an effective hamiltonian with the coefficients renormalized by the relativistic corrections. Explicit relativistic corrections are necessary to describe some purely relativistic effects, like the fine splitting. If, however, one limits the discussion to centres of gravity of the multiplets, than at the phenomenological level, as seen e.g. from [1] , the effective nonrelativistic models are doing about as well as the relativistically improved ones. In the literature a model is considered good, if it reproduces e.g. the masses of the quarkonia within a few MeV. The experimental errors on the masses today [2] , however, are of the order of 0.2 MeV. This rises the interesting question: is it possible to fit the data quantitatively, i.e. within the experimental errors and if so, what is the corresponding effective potential. The answer seems useful for at least the following two reasons. Quark -antiquark potentials derived from studies of quarkonia are used in a variety of applications. Let us mention as examples applications to heavy light systems [3] , to bc mesons [4] , and to tt production [5] . It is obviously advisable to use as good potentials as possible and to know what are their limitations. On the other hand, if it is not possible to fit the data with a nonrelativistic model, this may be an interesting hint on how to construct a relativistic theory.
The first difficulty is that there is no such thing as a standard nonrelativistic quarkonium model. The Schrödinger equation is, of course,
but the quark mass m b and the potential V (r) vary from paper to paper. Our strategy is to limit the discussion to potentials of the form
where a, b, α, β, Ct are nonnegative constants. At least ten potentials of this general form, but with various values of the parameters, have been proposed in the literature. Thus the famous Cornell potential [6] has α = β = 1. The potential advocated by Lichtenberg and collaborators [7] has α = β = 0.75.
The potential used by Song and Lin in ref. [8] has α = β = 0.5, while Song's potential used in ref [9] has α = β = . The logarithmic potential of Quigg and Rosner [10] corresponds to α = β → 0. Potentials with α = β have also been popular. Thus Martin [11] has suggested α = 0, β = 0.1, while Grant, Rosner and Rynes [12] prefer α = 0.045, β = 0. Heikkilä, Törnquist and Ono [13] 
. Some very successful potentials known from the literature are not of this type. Examples are the Indiana potential [14] and the Richardson potential [15] . Our first observation is that these potentials are very similar to the potentials considered by us, if their free parameters are fitted to the data as explained below. This is illustrated in Fig. 1 , where the Richardson potential and the Indiana potential are compared with two potentials of type (2) .
Let us make three comments concerning this figure. A figure analogous to our Fig. 1 has been published long ago by Buchmüller and Tye [16] . The agreement between the curves on their plot was not as good as in Fig.  1 , in spite of the fact that they adjusted the constants in the potentials so as to make all the potentials coincide in a chosen reference point. The reason is that we have been much more selective, than was possible at their time, in the choice of the "good" potentials for comparison. Our result supports the conjecture of Quigg and Rosner [17] , who concluded from their inverse scattering analysis that the first few L = 0 energy levels and the corresponding leptonic widths determine to a large extent the potential in the region relevant for the quarkonium calculations. In our fits we used more observables, but very similar results can be obtained by using just the masses. Thus, a version of our analysis is similar to that from ref. [17] , except that instead of the leptonic widths we are using the centres of gravity of the L = 1 states. Note, however, that we have no proof that a completely different potential would not fit the data as well. Finally, let us stress that in the regions of very large and very small values of r, not show in the figure, the potentials are completely different from each other, but this has practically no effect on the calculations for the quarkonia.
It is convenient to rewrite equation (2) in the reduced form
where
The idea is to concentrate on the observables, which depend on the parameter C only. We choose
Thus the χ 2 distribution corresponds to seven degrees of freedom. All the numerical values are calculated from the data given in the 1994 Particle Data Group Tables [2] .
This choice of observables requires some comments. Since our model is nonrelativistic, we have replaced the masses of the χ states by the centres of gravity of the multiplets. It would have been nice to be able to include in the averagings also the masses of the η b and the 1 P 1 states, but these masses are unknown. We have ignored the quarkonia with masses above the threshold for strong decays. Their analysis would require coupled channel calculations, which are much less well-defined. The extraction of values of the wave functions at the origin |ψ(0)| from the experimentally measured leptonic decay widths is based on the Van Royen -Weisskopf formula with a first order radiative correction (cf. e.g. [1] ). Since the first order correction is about 30%, the second order correction is probably significant. Unfortunately it is not known. Moreover, the formula itself leads in certain cases to paradoxes (cf. [18] and references given there). It is believed that the resulting uncertainties largely cancel in the ratios b 4 and b 5 . In the observables b 6 and b 7 , however, they introduce a systematic error of perhaps some 7%. This has not been included in our quoted errors. Thus at this point we underestimate the confidence levels. Finally, the relation between the dipole matrix elements occurring in the observables b 6 , b 7 , b 8 and the measured dipole transitions is for quarkonia less close than for atoms (cf. e.g. [19] , [20] ). For our best fit, and for the best fits to some other potentials, we have recalculated the full matrix elements without the multipole expansion. This yields the correction factors, which for transitions between S and P states are
where s denotes the S-wave function, p denotes the radial part of the P -wave function, j l are the spherical Bessel functions and k is the length of the wave vector of the emitted photon. The corrections for the transitions 2S → 1P and 3S → 2P related to b 6 and b 7 are below 0.5%, i.e. negligible compared to the experimental uncertainties. The ratio of the transition probabilities (2P → 1S)/(2P → 2S) related to b 8 increases significantly, making our fits worse, but not bad. The χ 2 of the overall fit increases by about two units. As a first step we have calculated the observables b 1 , . . . , b 8 and the corresponding values of χ 2 for many of the existing models. Since our comparison with experiment eliminates three of the four parameters and adjusts the fourth to fit the data as well as possible, our agreement with experiment is usually better than in the original papers. A representative selection of the results is given in Table 1 . We conclude that none of the models known to us from the literature fits the data in the sense of the χ 2 test. Therefore, we have explored the quality of the fit in the region 0 ≤ α ≤ 1.2, 0 ≤ β ≤ 1.1 of the α, β plane. The resulting map is shown in Fig 2. We have plotted the parameter log χ 2 7
. Thus the large variability of χ 2 is clearly visible. We have also marked the points corresponding to some of the models known from the literature. Good fits correspond to the region χ 2 ≤ 7 i.e. to the region shaded on the plot. All the models miss this region, though some come fairly close to it.
In order to get a good fit we choose in the shaded region a point (see Figure 2 ) with the simple coordinates α = 1, β = 0.5. Minimizing χ 2 with respect to the constant C and then choosing the constants λ, m b , and Ct so as to reproduce correctly the leptonic width of the Υ(1S) state, i.e. |ψ 1S ( 0)| 2 , the mass difference M(3S) − M(1S), and the mass M(1S) and we find after substitutions
where V (r) and r −1 are in GeV. The constants are given with the precision of six digits in order to assist the reader, who would like to check our calculation. The corresponding quark mass
is quite reasonable. The corresponding predictions for the parameters b 1 , . . . , b 8 are shown in the third line of the table. As expected the fit is very goodcorresponding to a confidence level of 48%. A more precise treatment of the parameter b 8 , as mentioned above, yield χ 2 = 8.8 which corresponds to a confidence level of 27%. The next best potential, the Indiana potential [14] , gets a similar correction, thus it does not become competitive.
For r → 0 our potential has the r −1 dependence corresponding to one gluon exchange. With present data, however, we have no evidence for the additional factor 1/ log(Λr), which according to QCD should be introduced by the running of the coupling constant. The expected part of the potential linear in r is not seen. Probably the bottomonia are too small to reach sufficiently far into the asymptotic region of linear confinement. Perhaps a more flexible potential would exhibit the linear part.
Our conclusion is that it is possible to reproduce with a nonrelativistic theory the observables b 1 . . . , b 8 within the experimental errors. The corresponding potential (18) and the corresponding estimate of the mass of the b-quark (19) are very reasonable.
Table 1
Comparison of the predictions of some models with experiment. Figure captions (18) ; the dotted curve corresponds to the Indiana potential [14] and to the potential (2) with α = β = 0.75 [7] , which coincide at the scale of the figure; the dashed curve corresponds to the Richardson potential [15] . All the potentials have been scaled and shifted (see text) to fit the data. in the α, β plane. The region of very good fits (χ 2 < 7) is shaded. The black points correspond to: α = β = 1 [6] , α = β = 0.75 [7] , α = β = 2 3
[9], α = 1, β = 2 3 [13] , α = β = 0.5 [8] , α = 0, β = 0.1 [11] , α = 0.045, β = 0 [12] , α = β → 0 [10] and to α = 1, β = 0.5 as proposed in the present paper.
